Abstract. We study the symplectic vortex equation over the complex plane, for the target space C N (N ≥ 2) with diagonal U (1)-action. We classify all solutions with finite energy and identify their moduli spaces, which generalizes Taubes' result for N = 1. We also studied their compactifications and use them to compute the associated quantum Kirwan maps κQ : H *
Introduction
This note is devoted to the understanding of the geometry of the vortex equation over the complex plane and their moduli spaces. The vortex equation over C and the moduli spaces of solutions are the central objects in the project of Ziltener (cf. [11] ) to define a quantum version of the Kirwan map for symplectic manifold X with Hamiltonian action by a compact Lie group G. Here we work with a concrete example, where, the target manifold is the vector space C N acted by U (1) via complex multiplication and the symplectic quotient of this action is the projective space P N −1 .
Many years ago, in [6] , Taubes gave the classification of finite energy vortices in the case where the target X = C with U (1)-action. The moduli space for each "vortex number" d > 0 is Sym d C, the d-fold symmetric product of the complex plane. For target C N with N ≥ 2 and the diagonal U (1)-action there was no result of either construction of nontrivial solutions or classification, until very recently ) claim that, for target manifold a projective variety acted by a reductive Lie group (including our case) using heat flow method one can identify the solutions to the vortex equation and algebraic maps from C to the "quotient stack" X/G with certain condition on the assymptotic behavior at infinity. For the special example considered in this note, we take a different approach which can be certainly extended to more general situations. This approach contains three basic ingredients here. The first one is the adiabatic limit analysis for vortex equation over a compact Riemann surface Σ with growing area form, most of which is provided by [2] . In particular, it implies that (in the symplectic aspherical case) as we grow the area form on Σ, the energy density of solutions blows up at most in the same rate as we enlarging the surface. The second ingredient is the Hitchin-Kobayashi correspondence for stable N -pairs over the compact Σ provided by Bradlow's theorem [1] (see Theorem 2.1). This correspondence works for any large area form on the domain curve, hence we can identify moduli spaces of solutions for different area forms with the same algebraic moduli space. The third ingredient is the observation that the energy concentration of a sequence of solutions has an algebraic description (in our example this means a sequence of holomorphic N -pairs develops a base point). With the understanding of these ingredients, we can manipulate the bubbling in the algebraic moduli space and construct all possible solutions.
It is worth pointing out that our approach is very elementary, and by looking at concrete examples, it helps understand the behavior of the vortices (for example, why they merge to the moment level surface and converge to holomorphic spheres in the symplectic quotient). One can also generalize this method to other cases, for example, toric manifolds and flag manifolds, both as symplectic quotients of Euclidean spaces.
A purpose of classifying affine vortices and identifying their moduli spaces is to compute the quantum version of the Kirwan map, which was proposed by D. Salamon and a rigorous definition relies on an ongoing project of Ziltener. In the case we considered in this note, we can identify the moduli space and a natural compactification (we call it the Uhlenbeck compactification), which we can use to compute the quantum Kirwan map κ Q : H * U (1) C N → QH * P N −1 . We also identified the stable map compactification of the moduli space of nontrivial affine vortices of the lowest degree.
Organization. The first half of this note is about general theory: Section 2 is on preliminaries of symplectic vortex equation, which includes the example of stable N -pairs. Section 3 is a review of previous work of Ziltener on affine vortices and its relation with vortex equation over a compact Riemann surface via the adiabatic limit. In Section 4 we consider the compactification of the moduli space of affine vortices, where we give some refinement of definitions of Ziltener. In Section 5 we review the (formal) definition of the quantum Kirwan map.
In the second half we restrict to the special case for U (1)-action on C N . In Section 6 we give a detailed description of the vortex bubbling phenomenon in the adiabatic limit. In Section 7 we use the adiabatic limit trick to give a classification of finite energy affine vortices which generalizes Taubes' classification for N = 1; we also identify its moduli space and compute the associated quantum Kirwan map.
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Symplectic vortex equation
2.1. Vortex equation. Let (M, ω) be a symplectic manifold. Suppose G is a compact Lie group acting on M smoothly. Then for any ξ ∈ g, the infinitesimal action of ξ is the vector field X ξ whose value at p ∈ M is
The action is Hamiltonian, if there exists a smooth map µ : M → g * (the moment map) such that
Also, we take a G-invariant, ω-compatible almost complex structure on J. Let Σ be a Riemann surface and we usually omit to mention its complex structure j : T Σ → T Σ. Let Ω Σ ∈ Ω 2 (Σ) be a smooth area form. A twisted holomorphic map from Σ to M is a triple (P, A, u), where P → Σ is a smooth principal G-bundle, A is a smooth G-connection on P and u is a smooth section of the associated bundle Y := P × G M → Σ, satisfing the following symplectic vortex equation:
Here ∂ A u ∈ Γ Σ, Ω 0,1 ⊗ u * T V Y where T V Y → Y is the vertical tangent bundle; Λ : Ω 2 (Σ) → Ω 0 (Σ) is the contraction with respect to the area form Ω Σ ; and for the second equation to make sense, we identify g with g * via an Ad-invariant inner product on g. With respect to a local trivialization P | U = U × G and a local holomorphic coordinate z = s + it on U , u corresponds to a map φ : U → M and A = d + Φds + Ψdt, the equation (2.3) reads
A solution (P, A, u) is sometimes called a twisted holomorphic map from Σ to M . We say that two solutions (P, A, u) and (P , A , u ) are equivalent, if there is a bundle isomorphism ρ : P → P which lifts the identity map on Σ, such that ρ * (A, u) = (A , u ). Denote by G(P ) the group of smooth gauge transformations, which consists of smooth maps g : P → G with g(ph) = h −1 g(p)h. It acts on the space of solutions on the right, by
If written in a coordinate form as in (2.4), g corresponds to a smooth map g : U → G and the action is given by
The Lie algebra of G(P ) is the space of smooth sections of the vector bundle P × ad g and for any section s, the infinitesimal action of s is
The energy of a twisted holomorphic map (P, A, u) is given by the Yang-Mills-Higgs functional
Here the L 2 -norms are defined with respect to the Riemannian metric on M determined by ω and J, and the Riemannian metric on Σ determined by Ω Σ and j.
2.2.
Example: holomorphic N -pairs. Let M = C k and let G = U (k) which acts on C k via the standard linear action. For the symplectic form
If (P, A, u) is a twisted holomorphic map from Σ to C k , then the associated bundle E := P × U (k) C k is a complex vector bundle with a Hermitian metric such that P is the unitary frame bundle of E. The (0, 1)-component of A defines a holomorphic structure on E and A is then the Chern connection determined by ∂ A and the Hermitian metric. The section u : P → C k corresponds to a holomorphic section of the bundle E, ∂ A . A pair (E, ∂ A , u) with ∂ A u is called a rank k holomorphic pair. More generally, we make take N copies of C k and U (k) acts on the N copies in a diagonal way, and the moment map is the sum of the N moment maps. In this case, a twisted holomorphic map corresponds to a rank k holomorphic vector bundle E with N holomorphic sections, which is called a rank k holomorphic N -pair.
In the following we will only care about the abelian case, i.e., k = 1. We can take τ = 1 without loss of generality. A holomorphic N -pair (L; ϕ 1 , . . . , ϕ N ) is called stable, if at least one of ϕ j is nonzero.
We have the following important theorem, which is a special case of the celebrated HitchinKobayashi correspondence (cf. [5] ).
Theorem 2.1.
[1] For any compact Riemann surface Σ with any smooth area form Ω Σ with AreaΩ Σ > 4πd, for any stable rank 1 holomorphic N -pair (L; ϕ 1 , . . . , ϕ N ) over Σ with degL = d, there exists a unique smooth Hermitian metric H which solves the vortex equation, i.e., the following equation is satisfied:
Here F H is the Chern connection of (L, H).
Affine vortices
We now restrict to the case Σ = C and Ω C = ds ∧ dt the standard area form. We call a solution to the vortex equation (2.3) in this case an affine vortex. All G-bundles over C are trivial and isomorphisms between them are all isotopic, so we will work solely with "the" trivial bundle P = C × G. So a connection A will be written canonically as d + α with α ∈ Ω 1 (C, g) and the section u corresponds canonically to a map u : C → M . A gauge transformation is then a map g : C → G.
The general theory for vortices over C initiated from the paper of Gaio-Salamon [2] and a lot of analytic framework has been settled down by Fabian Ziltener in [11] . The algebraic theory of these objects are also studied in [8] .
First of all, we make several assumptions on the manifold (M, ω) and the action. They are satisfied, for example, in the case of Subsection 2.2.
Hypothesis 3.1. We assume (1) (M, ω) is aspherical, i.e., for any embedded sphere S 2 ⊂ M ,
2) The moment map µ is proper, and 0 is a regular value, such that the restriction of the G-action on µ −1 (0) is free. (3) There exists a G-invariant, ω-compatible almost complex structure J such that the tuple (M, ω, J, µ) is convex at infinity. This means there exists a proper G-invariant
We give two examples of affine vortices.
Example 3.
2. An affine vortex is called trivial if it is equivalent to (A, u) where A = d is the trivial connection on the trivial bundle, and u : C → M is a constant map with value in µ −1 (0). In particular, an affine vortex is trivial if and only if it has zero energy.
Example 3.3. In the case M = C, U (1) acts on C by complex multiplication with moment map µ(z) = − √ −1 2 (|z| 2 − 1), Taubes (see [6] , [3] ) classified all planary vortices with finite energy. More precisely, for any "vortex number" d > 0 and for any d-tuple of unordered points z 1 , . . . , z d ∈ C, there is a unique solution (up to gauge) which is of the form
Here h is the unique solution to the Kazdan-Warner equation over C:
There are two natural classes of symmetry of C, the translations and rotations, with respect to which the equation is invariant. But there exsits solutions which have infinitely many rotational symmetry, which will result in non-smooth moduli space. Hence we won't identify two solutions if they differ by a rotation. Definition 3.4. An isomorphism from (A 1 , u 1 ) to (A 2 , u 2 ) is a pair (t, g), where t : C → C is a translation, which lifts naturally to a bundle map between the trivial G-bundles, and g is a gauge transformation g : C → G, such that g * t * (A 1 , u 1 ) = (A 2 , u 2 ).
We have the regularity modulo gauge tranformation. From now on any solution will be assumed to be smooth unless otherwise mentioned. The next important property for affine vortices is its behavior near infinity. First we look at the decay of energy density. 
To state the next proposition we introduce some notations. Consider the standard embedding C → S 2 . An extension of (A, u) is a triple ( P , ι, u), where P → S 2 is a topological G-bundle, ι : C × G → P is a bundle map which descends to the inclusion C → S 2 , and u : P → M is an equivariant continuous map such that u • ι = u.
If YMH(A, u) < ∞, then there exists a unique extension ( P , ι, u) of (A, u) onto the sphere, such that u( P ∞ ) ⊂ µ −1 (0), where P ∞ is the fibre of P at ∞ ∈ S 2 .
The extension ( P , ι, u) defines an equivariant homology class
is the equivariant cohomology class defined by the equivariantly closed two form ω − µ.
Identify u topologically with v : D → M which extends continuously to the boundary. Then the extension of (A, u) to S 2 is given by g ∞ : S 1 → G and x ∞ ∈ µ −1 (0) such that v| ∂D (e iθ ) = g ∞ (e iθ )x ∞ . Trivialize v * T M on D, then the loop g ∞ is identifed with a loop of invertible matrices. The degree of det g ∞ is defined to be the Maslov index of the solution (A, u), denoted by ind µ (A, u) (see [11, Definition 2.6 ] for details).
3.1. Fredholm theory of affine vortices. Let z be the standard coordinate on C. Let ρ(z) = (1 + |z| 2 ) 1 2 for z ∈ C. For δ ∈ R, p > 1, consider the Banach spaces (over complex numbers)
And we denote L p δ = W 0,p δ,euc . For a smooth solution (A, u), the space of infinitesimal deformations is described as follows. Regard u as a smooth map from C to M . The connection A induces a connection on the bundle u * T M and the bundle T * C⊗g, both denoted by
And define W p,δ ⊂ W 
Then it is easy to see, the linearization at such (A, u) is a bounded linear operator
Proposition 3.9.
[11] There exists p 0 > 2 such that for all p ∈ (2, p 0 ) and
3.2. The adiabatic limit. For a compact Riemann surface Σ, fix a smooth area form Ω Σ ∈ Ω 2 (Σ). Let λ > 0 be a real number. A λ-twisted holomorphic map from Σ to M (or a λ-vortex) is a solution to the vortex equation (2.3) with the area form Ω Σ replaced by λ 2 Ω Σ , i.e.,
Its energy is defined in the same way using the area form λ 2 Ω Σ . If we agree that all Sobolev norms appearing in the following are taken with respect to the fixed area form Ω Σ , then the energy of a λ-twisted holomorphic map is given by
What is of interest is the limit process λ → ∞, which is called the adiabatic limit process. If we fix the topological type of the vortex (which implies the uniform bound on the energy), then we see that µ(u) L 2 → 0 as λ → ∞. Indeed, µ(u) will converge to zero except for finitely many points in Σ, and those points are where nontrivial affine vortices bubble off.
More precisely, suppose λ k is a sequence of real numbers diverging to infinity, and (A k , u k ) is a sequence λ k -vortices (i.e., solutions to (3.10)). The energy density function for (A k , u k ) will be
If the sequence of functions e k is not uniformly bounded, and suppose there exists a sequence of point p k ∈ Σ such that lim sup
Then in [2] it was shown that in the following three possibilities (for suitable subsequences) corresponding bubbles will appear:
In this case, a nontrivial holomorphic sphere in M will bubble off.
In this case, a nontrivial planary vortex will bubble off.
In this case, a nontrivial holomorphic sphere in the symplectic quotient will bubble off. This is called the bubbling zoology of the adiabatic limit. Since we have assumed that (M, ω) is aspherical, the first bubble type won't appear. In particular we have lim sup
(3.14)
Remark 3.10. In the general situation, given an arbitrary sequence (A i , u i ), we don't know a priori where the energy density will blow up and what type of bubbles may appear. But in the case of Kähler targets, using the algebraic description of vortices (e.g., stable N -pairs) provided by the Hitchin-Kobayashi correspondence, we observe that the cause of the energy concentration is governed in the algebraic side. Using this property we can manipulate the energy concentration for the adiabatic limit process and construct affine vortex bubbles. This is what we do in the last two sections of this paper for the case X = C N .
Degenerations of affine vortices
In the case studied by Taubes, we have already seen one type of degeneration of affine vortices. Namely, vortices may "split": the relative distance between points in − → z ∈ Sym d C may diverge to infinity, which means a sequence of vortices with vortex number d can split into up to d nontrivial vortices. There are two other types of degenerations. If the symplectic quotient M allows nontrivial holomorphic spheres, then the energy of a sequence of affine vortices can concentrate at infinity and a holomorphic sphere in M can bubble off. Another possibility is sphere bubbles in the interior. But since we have assumed that M is aspherical, this type of bubbles can only appear when marked points coming together, i.e., ghost bubbles. The bubbling phenomenon has been studied in [11] . And more generally, if we allow arbitrarily many marked points, the we can use the language of complexified multiplihedron to describe the moduli of stable vortices and its topology, as did in [8] . Here we only consider the case of at most one interior marked point, hence no need to introduce the formal language.
4.1.
Stable maps modelled on a rooted tree. A rooted tree T = (V, E, R) is a tree T = (V, E) with a distinguished vertex R ∈ V (the root). For a rooted tree T the edges are automatically oriented towards the root. We define the depth
An n-labelling of a rooted tree T is a map ρ : {α 1 , . . . , α n } → V . Definition 4.1. An (n, 1)-marked genus zero stable map to M modelled on an n-labelled rooted tree (T, ρ) = (V, E, R; ρ) is a tuple
where (1) u v i : C → M is a holomorphic map with finite energy (hence extends to a holomorphic sphere); (2) w i 1 i 2 ∈ C and w α j ∈ C.
They are subject to the following conditions:
This refined notion of stable maps is used because the domain of an affine vortex has a canonical marked point ∞. Then each stable map (u, w) defined as above, there is a dinstinguished marked point ∞ on the component corresponding to R. For each edge v 1 Ev 2 , the coordinate of the node on the component corresponding to v 1 is automatically ∞. We can define various notions (such as isomorphisms and convergence) of stable maps as did in [4, Chapter 5] , with the restriction that all tree maps should be maps between rooted trees, and we should only use affine linear transformations instead of arbitrary Möbius transformations.
4.2. (0, 1)-marked and (1, 1)-marked stable affine vortices. We now describe the objects we will use to compactify the moduli space of affine vortices discussed in Section 3.
Definition 4.2. An admissible pair of rooted trees is a pair T , T where T = V , E, R
is a rooted tree, T ⊂ T is a rooted subtree and we allow T = ∅ such that the following conditions hold
of vertices of depth zero;
A labelled admissible pair of rooted trees is an admissible pair of rooted trees T , T together with a vertex
More generally, if T = ∅, and T ⊂ T is a rooted subtree (which is allowed to be empty), then denote by B T ,T := {B 1 , . . . , B t } the set of connected components of T \T . Each element 
where (1) If T = ∅, then (u, w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled rooted tree T, ρ T ,T ; if T = ∅ then (u, w) is empty.
(2) Stability.
They are subject to the following constrains: 
where (1) If T = ∅, then (u, w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled tree T, ρ T ,T ; if T = ∅ then (u, w) is empty.
They are subject to the following constrains:
We will call the marked point z 0 an interior marked point of W.
The following picture illustrates a typical marked stable affine vortex. Here the "tear drops" represent the vortices W k and the spheres represent the components mapped into µ −1 (0). 
modelled on the same labelled admissible pair of rooted trees T , T ; V 0 is a tuple
where
is an isomorphism between (u, w) and (u , w ) as (s, 1)-marked genus zero stable maps modelled on the # V \ V -labelled rooted tree T, ρ T ,T .
They must satisfy the following conditions:
For k = 0, 1, we define the homology class of a (k, 1)-marked stable affine vortex W to be the sum of the homology classes of each of its components, which is an element in H G 2 (M ; Z). This only depends on its isomorphism class. For A ∈ H G 2 (M ; Z) we denote by M 
( 4.4) 4.3. Degeneration of affine vortices. Now we describe the topology on the moduli space of stable affine vortices. We first give the definition the convergence of a sequence of affine vortices to a stable affine vortex, which essentially coincide with the definition in [11] . By a theorem of Guillemin and Sternberg, there is a neighborhoof U of µ −1 (0) ⊂ M , which is (canonically) symplectomorphic to µ −1 (0) × g * , where g * is an -ball of g * centered at the origin with respect to some biinvariant inner product, such that the moment map µ restricted to U is equal to the projection onto g * . Hence there is a well-defined map
Definition 4.6. Let W ν = (A ν , u ν ) be a sequence of affine vortices and let
be a (0, 1)-marked stable affine vortex modelled on an admissible pair of rooted trees T , T .
We say that the sequence {W ν } converges to W, if E := lim ν→∞ E(W ν ) < ∞ exists, and
and for each v i ∈ V and β k ∈ V \ V , there exists affine linear transformations φ ν v i , φ ν β k such that the following conditions are satisfied:
is a translation, and there exists a sequence of gauge
converges to infinity; •φ ν v i converges uniformly on any compact subset of C to the constant map w v i v j .
Definition 4.7. Let W ν = (A ν , u ν ; z ν 0 ) be a sequence of (1, 1)-marked affine vortices and let
be a (1, 1)-marked stable affine vortex modelled on the labelled admissible pair of rooted trees ( T , T ; V 0 ). We say that the sequence W ν converges to W, if E := lim ν→∞ E(W ν ) < ∞ exists, and
is a translation, and there exists a sequence of gauge •φ ν v i converges uniformly on any compact subset of C to the constant map w v i v j . Now the notion of convergence in the space of planary stable vortices can be easily defined:
; {z ν 0 } be a sequence of (1, 1)-marked stable affine vortices modelled on a sequence of labelled admissible pair of rooted trees T ν , T ν ; V ν 0 , and Now we can state the compactness theorem of Ziltener. We specialize to the case where we have at most one interior marked points. Choose an additive basis {e ν } of H * M ; R over R, the multiplication is defined, for every a, b ∈ H * M ; R ,
and extended in a Λ-linear way to H * M ; Λ . Here (g ν 1 ν 2 ) is the inverse matrix of the intersection matrix g ν 1 ν 2 := M e ν 1 ∪ e ν 2 . This makes QH * M ; Λ a graded algebra over Λ, which is called the quantum cohomology of M . For example, for the case P n , Λ = R[q] with degq = 2(n + 1) and the quantum cohomology ring of P n is The right G-action is induced from W, p · g = W, pg . There is a well-defined equivariant
This induces a map, with an abuse of notation, ev 0 : 
Note that if we specialize κ Q (α) at q 1 = · · · = q m = 0, then the only contribution is given by M A 1,1 (M, 0), which is homeomorphic to M ; the Poincaré bundle over this moduli is isomorphic to the G-bundle µ −1 (0) → M . So the result will be the classical Kirwan map κ(α).
6. The adiabatic limit of U (1)-vortices 6.1. Holomorphic N -pairs and Hitchin-Kobayashi correspondence for rescaled area form. From now on, we consider concrete examples. More precisely, we work with M = C N with the diagonal S 1 -action, whose moment map is
Here we identify LieS 1 iR LieS 1 * . The symplectic quotient is the projective space 
Here A is a unitary connection on L and φ i are smooth sections of L. And let M λ Σ C N , L be the space of gauge equivalence classes of such solutions.
By the Hitchin-Kobayashi correspondence (Theorem 2.1), the moduli space of (isomorphism classes of) degree d rank 1 stable holomorhpic N -pairs is homeomorphic to M λ Σ (C N , L) for any λ. In particular, we always regard a holomorphic line bundle L having the underlying smooth line bundle L with a holomorphic structure given by ∂ A , the (0, 1)-part of the connection A. Take λ = 1 and we represent a holomorphic N -pair to an element in M 1 Σ (C N , L). Then for each (B; ϕ 1 , . . . , ϕ N ) ∈ M 1 Σ (C N , L) and for each λ > 0, there exists a unique h λ such that
The corresponding solution to (6.2) is given by
which is the result by applying the "purely imaginary gauge tranformation" e h λ to the tuple (B; ϕ 1 , . . . , ϕ N ). For any λ-vortex (A; φ 1 , . . . , φ N ) ∈ M λ Σ (C N , L), the λ-energy density and λ-energy are given by
. . , ϕ N ) be a stable holomorphic N -pair. The base locus of − → ϕ is the intersection of the zeroes of ϕ j , denoted by Z ⊂ Σ. The multiplicity m p of p ∈ Z is the minimum of the multiplicities of p as a zero of ϕ j . Then − → ϕ defines a holomorphic map
which extends uniquely to a holomorhic map from Σ to P N −1 by removal of singularity, which is still denoted by [ − → ϕ ]. It is easy to see that
6.2. The adiabatic limit. We will study the behavior of a sequence of objects (A λ , u λ ) ∈ M λ Σ (C N , L) as λ → ∞ and give a refined version of the bubbling zoology of the adiabatic limit. In particular, we will give an algebraic condition on the bubbling of nontrivial affine vortices.
From now on until the end of this section, we fix a sequence of stable holomorhpic Npairs, which, by the Hitchin-Kobayashi correspondence, can be identified with a sequence (
We assume that this sequence converges to (B; ϕ 1 , . . . , ϕ N ) ∈ M 1 Σ C N , L , whose base locus is denoted by Z ⊂ Σ. We also fix a sequence λ k → ∞, hence for each k let h k : Σ → R denote the unique solution to the equation (6.3) for the vortex (B k ; − → ϕ k ) and λ = λ k . We denote A k := B k − ∂h k + ∂h k and φ j,k := e −h k ϕ j,k .
For each p ∈ Σ, we choose a local holomorphic coordiante ξ p : B rp → U p , where r p > 0 and B rp ⊂ C is the radius r p disk centered at 0 ∈ C, U p is a neighborhood of p ∈ Σ. Up to rescaling, we can assume that ξ * p Ω Σ = σ p dsdt, where (s, t) is the standard coordinates on C and σ p : B rp → R + is a smooth function, such that σ p (0) = 1. We also trivialize ξ * p L smoothly over B rp by ζ p : B rp × C → ξ * p L. We call such a triple U p , B rp , ξ p , ζ p an admissible chart near p. Then any triple (L, A, u) over Σ can be pulled back by an admissible chart to B rp , to a triple B rp × C, d + α; φ over B rp .
Then for any q ∈ ξ p B rp 2 ⊂ U p and for r ∈ 0, rp 2 , the inclusion B r B ξ −1 p (q) (r) ⊂ B rp induces a chart near q, from the admissible chart (U p , B rp , ξ p , ζ p ). Then for any large number λ, we zoom in by B λr B r . With the admissible chart near p understood, we abbreviate by
to be the pull-back object on the trivial bundle over B λr .
Lemma 6.1. Suppose p k ∈ Σ is a sequence of points such that lim k→∞ p k = p and r k > 0 is a sequence of real numbers such that Choosing an adimissible chart centered at p. Then we obtain a sequence of pull-back pairs
on B R k . Then, there exists a subsequence (still indexed by k), such that (d + α k , φ k ) converges in C ∞ loc on C to an affine vortex with finite energy. Note that the limit can be trivial, and we don't need to take gauge transformations.
Proof. Let's first see why we don't need to take gauge transformations. Indeed, with respect to the admissible chart write
(6.10)
converges to zero in any compact subset K ⊂ C, because the sequence of connections B k converges on Σ. Now we see that
Hence there exists a subsequence of s * k A k (still indexed by k) converging in C 0 loc . Then, on the product B R k × C N , the connection s * k A k and the almost complex structures on C N and B R k induces a sequence of almost complex structures J k with respect to which
The energy density of − → φ k is also uniformly bounded by (3.14) and (6.6). By the standard method, a subsequence of − → φ k converges to a section − → φ ∞ which is holomorphic with respect to the connection d + α ∞ on C. And it is easy to check that the limit pair d + α ∞ , − → φ ∞ satisfies the vortex equation on C with respect to the area form dsdt. Finally it is standard to show that the limit is actually smooth and the convergence is in C ∞ loc . The above lemma is somehow a fact a priori, which will be used for many times to guarantee the existence of converging subsequence. 6.3. Convergence away from base locus. Proposition 6.2. If the limit of the sequence of points p k in Lemma 6.1 lies in Σ\Z, then for any sequence r k > 0 satisfying (6.9), the limit affine vortex of any convergent subsequence we obtained in Lemma 6.1 is trivial. In particular, the function
Because p is not in the base locus, the sequence of functions But there is only one solution h which has assymptotic value 1 2 log b, which is the constant. This implies that the vortex is trivial.
XU
Then if there exists p k ∈ K such that lim k→∞ p k = p ∈ K and lim k→∞ |µ k (p k )| > 0, this means the energy density blows up like λ −2 i near p. Then as in [2] , the process in Lemma 6.1 will produce a nontrivial affine vortex, which contradicts with the above.
Then away from the base locus, the sequence of sections − → φ k will sink into the level set µ −1 (0). Then we expect that, by projecting to the quotient µ −1 (0)/S 1 , it will converges to a holomorphic map in P N −1 . The precise meaning is described as follows.
For − → z ∈ C N with |µ( − → z )| < 1 2 , we have the map 
And since − → ψ k converges to an N -pair which is base point free over K, the convergence is obvious.
6.4. Bubbling at base points. Now for each p ∈ Z, take an admissible chart (U p , B r , ξ p , ζ p ) near p. Also for each k, take a local holomorphic section e k such that e k (0) = ζ p (0)(1) ∈ L p and assume that lim k→∞ e k converges to a smooth section of L over U p .
With respect to the admissible chart,
For each k, and j = 1, . . . , N , denote by
has an associated multiplicity m(z j,k ) ∈ Z + . By taking a subsequence if necessary, we assume that there are finite sets Z j and bijections
and maps m :
(Note that Z j,k could be empty. This happens only if the section φ j,k converges to zero on Σ.) We then consider all sequences {p k } ⊂ U that converges to p, which are identified with a sequence of complex numbers {z k } converging to the origin. By taking a further subsequence if necessary, we assume that for each j, there is a subset W j ⊂ Z j (associated to the sequence
We can write that for z ∈ U ,
where f j,k is a nonvanishing holomorphic function. Then the assumption that ψ j,k converges to ψ j implies that
exists. For each j, denote
with the convention that max ∅ = 0.
verges to a nontrivial affine vortex; if lim inf k→∞
Proof. In the first case, we assume by taking a subsequence that there exists j 0 such that for all k,
And, if lim k→∞ ψ j 0 ,k = 0, we may assume by taking a subsequence that
converges to a nonvanishing holomorphic function on U . Then we have
Then by taking a subsequence, the product of the last four factors converges to a nonzero polynomial, uniformly on any compact subset of C, which has zeroes at lim ν→∞ λ ν (z ν − ρ ν (w j 0 )) for each w j 0 ∈ W j 0 . Then by the a priori convergence of s * k φ j 0 ,k (Lemma 6.1), this implies that the function
converges to a smooth function, denoted by H 0 . Then, for all j = j 0 ,
Then taking a subsequence, we can assume that
exists. Then taking a further subsequence, we have
Since we know that the limit section lim k→∞ s * k (φ 1,k , . . . , φ N,k ) doesn't vanish identically, H 0 = 0 and hence the sequence of functions h k := s * k h k − log t k converges to a smooth function h on C. And the limit vortex is nontrivial because at least for j = j 0 , it is of the form
Now we look at the second case: lim inf k→∞ T k t k = +∞. Then we may assume that there exists a subsequence and j 0 such that
converges to a nonvanishing holomorphic function on U ; (2) W j 0 = ∅ and
(By taking a subsequence) the product of the last three factors converges to a nonzero constant, which implies that e −h k (z k +λ −1 k w) T k converges to a smooth function H 0 : C → R. Then by our assumption lim k→∞
for some constant a j . Since the limit of s * k (φ 1,k , . . . , φ N,k ) doesn't vanish identically, we see that the sequence of functions h k (z k + λ −1 k w) − log T k converges to a smooth function h on C, which must be (by Lemma 6.1) the solution to the Kazdan-Warner equation
This implies that the limit vortex is trivial.
From the proof we also see, if we replace z k be z k with lim sup k→∞ λ −1 k |z k − z k | < ∞, then the nontrivial affine vortex we get from the first case will differ by a translation.
Remark 6.5. If we assume that ϕ j = lim k→∞ ϕ j,k is nonzero for each j, then from the proof of the above lemma, we see that a nontrivial affine vortex bubbles off if each φ j,k contributes at least one zero so that they concentrate in a rate no slower than λ k → ∞ (the case where some ϕ j = 0 is more subtle). Due to the energy quantization (i.e., the energy of nontrivial affine vortices is bounded from below), we can find all possible nontrivial affine vortex bubbles at the base point p. There might be some missing degrees, caused by the zeroes of φ j,k which concentrate in a slower rate than λ −1 k . This slower concentration means holomorphic spheres in P N −1 bubble off, and the bubbling happens at the "neck region" between different affine vortices and between affine vortices and the original domain Σ.
Classification of U (1)-vortices and its moduli spaces
We consider an arbitray affine vortex A, − → φ with target C N with finite energy.
Lemma 7.1. There exists a complex gauge transformation g = e h 1 +ih 2 such that g * A is the trivial connection. If g is another complex gauge tranformation which also transform A to the trivial connection, then g = ge f where f is an entire function.
Proof. Suppose A = d + Φds + Ψdt. We first show that there exists a unitary gauge transformation g 1 = e if such that
i.e., the Coulomb gauge condition. Indeed,
Hence there exists f such that (7.1) holds. Then for g 2 = e h with h a real valued function,
3)
The existence of h such that g * 2 g * 1 A = d follows from Poincaré lemma.
Then, up to a unitary gauge transformation, we can assume that A, − → φ is in Coulomb gauge, and A = d − ∂h + ∂h for some real valued function h and
The vortex equation is equivalent the following equation on real valued function h :
where ψ j are entire functions. Proof. By Proposition 3.8 there exists g : S 1 → U (1) such that for each j and all θ ∈ S 1 , lim r→+∞ g(e −iθ )e −h(re iθ ) ψ j (re iθ ) → a j (7.5) and N j=1 |a j | 2 = 1. The Maslov index of the vortex is by definition the degree of g. Then for each j with a j = 0, (7.5) implies that ∞ is not an essential singularity of ψ j . Hence ψ j is a polynomial. Then it is easy to see that a j = 0 =⇒ degψ j = d. Moreover, if a l = 0 and a j = 0, then
which implies that ψ l is a polynomial with degree strictly less than d.
Before we proceed, we consider the uniqueness of the solutions to the Kazdan-Warner equation (7.4) . For given N polynomials {ψ j } 1≤j≤N , suppose 
Proof. We have
Then the L 2 -pairing with h 1 − h 2 gives
So this is true only if ψ j ≡ 0 or h 1 = h 2 .
7.1. Construction of arbitrary vortices. We have seen that all finite energy affine vortices are obtained from the solution to (7.4) for ψ j polynomials, and the solution, if exists, is unique. Now with our understanding of the adiabatic limit of equation (2.3) and the bubbling off phenomenon at the base locus (in the proof of Lemma 6.4), it is rather easy to construct solutions to (7.4) with any given set of polynomials. Indeed, suppose we are given N polynomials ψ 1 , . . . , ψ N , with 
This corresponds to the space of N polynomials as the input of (7.4). C * acts on N d freely and denote N d := N d /C * . We will use x to denote a general point in N d .
Corollary 7.4.
There is an orientation preserving homeomorphism To show show that map is continuous, we need to show that the solution to the KazdanWarner equation depends continuously on the polynomials ψ 1 , . . . , ψ N , which can be proved in a standard way. The orientation-preserving property then follows from a C 1 -dependence on ψ 1 , . . . , ψ N . Now we show the surjectivity of the linearization map. First notice that the linearization of gauge tranformation is injective, because the image of u is not in the fixed point set of the S 1 -action on C N . Hence it suffices to prove that the map
is surjective, where (V, α) ∈ W p,δ which is defined in Subsection 3.1. Note that the space
Hence it suffices to show that the two maps
both have dense range (they are not Fredholm).
To prove that (7.13) has dense range, it suffices to prove for N = 1. Then the operator is
This implies that e −h g is an entire function. But e h grows like |z| d for d ≥ 0. Hence g = 0 or g grows at least like |z| d . For such a g in the latter case to lie in L q −δ , we should have
which contradicts with our choice of p and δ. The operator (7.14) is equivalent to the map f → ∂f ∂z so it is essentially the same as the case of (7.13) to deduce that it has dense range. Remark 7.5. In particular, the transversality of the linearization D A,u implies that the moduli space N d is a correct one to define the quantum Kirwan map. The remaining is to show that the evaluation maps indeed give a pseudo-cycle. This can be seen by giving suitable compactifications of the moduli space on which the evaluation maps extend continuously. In the last two sections, we will first give the stable map compactification of the lowest nontrivial moduli, and then construct a compactification (which we call Uhlenbeck compactification) for arbitrary degrees which allows us to extend the evaluation maps.
Stable map compactification of
In this subsection we identify the compactification M A 1,1 C N , 1 defined in Subsection 4.2, which is the smallest nontrivial case. Depending on the type of degeneration, M A 1,1 C N , 1 is stratified as described in Figure  2 : the open stratum is M A 1,1 C N , 1 ; two lower strata of depth 1 are: 1) the stratum T 1 corresponding to the moduli of degree 1 holomorphic spheres in P N −1 with one marked point and a ghost vortex attached to the sphere, which is the same as M 2 P N −1 , 1 and 2) the stratum T 2 corresponding to the moduli of (0, 1)-marked degree 1 affine vortices with two ghost components attached at ∞; the lowest stratum S is the moduli of holomorphic spheres with two ghost components attached at ∞. Note that, points in each stratum only depend on the isomorphism class of their nontrivial components and the other ghost components are attached to the nontrivial components in a unique way. There is a natural compactification of O(1) ⊕N by the projective bundle
where O(1) ⊕N embeds into P(E) as
We see that P(E) \ N 1 = P N −1 × P N −1 . Remember that, the moduli space of genus zero, degree 1, 2-marked stable map to P N −1 is isomorphic to the blow up Bl ∆ P N −1 × P N −1 along the diagonal ∆ ⊂ P N −1 × P N −1 . Regard ∆ ⊂ P(E) as a codimension N subvariety. We denote by
the blown-up. Denote the exceptional divisor by E P (N ∆ ⊕ C), where N ∆ is the normal bundle of ∆ in P N −1 × P N −1 . Now the space N 1 can be stratified: the top stratum is just N 1 ; there are two strata of depth one, which are T 1 := P N −1 × P N −1 \ ∆ and T 2 := E \ P(N ∆ ); there is a single lowest stratum of depth two, which is S := P (N ∆ ).
Now we prove that the map Φ 1 HK defined in Corollary 7.4 extends to
which is a homeomorphism with respect to the Gromov convergence defined in Subsection 4.3 and respects the stratifications of the domain and the target. We first define the extension as follows.
(1) Φ Proof. It is continuous on each stratum. Hence we take a sequence x i ∈ N 1 which converges to a point x ∞ ∈ N 1 \ N 1 . We may write 
